CHUONG 4. BAT DANG THUC. BAT PHUONG TRINH 1. BAT PANG THUC

BAT DANG THU'C (tiép theo)

& Dang 2. Céc ky thudt sir dung bét ddng thirc Cauchy

B Ghép déixing

a) Cho X, Y, Z>0. Ching minh X+Y + 2> A+ B+ C.
Cauch
X+Y > 24

Cauchy

Chitng minh. Taco Sy 4+ 7~ > 23%X+Y+Z§A+B+C.

Cauchy

Z+X = 2C
mX +nY +pZ > (m+n+pA
Téng quat. Ta c6 { mY +nZ +pX > (m+n+p)B = (m+n+p)(X+Y +2) >

mZ +nX +pY > (m+n+pC (m+n+p)(A+B+C).
b) Cho X, Y, Z > 0. Chiing minh XY Z > ABC.
X > A2
Néu ching minh duge { YZ > B2 "2" XY Z > /A?B2C? = |[ABC| > ABC.
ZX > C?

<9 Bai 44. Ching minh ring véi moi a, b, ¢ > 0, ta ludn c¢6 a® + b> + 2 > ab + be + ca.

D Lo gidi.
Cauch
A0 > 2Va = 2ab
Taco {2 4 o o0V/iBE — e = 2(a> + 6 + ) > 2(ab+be + ca) & a®+ 0+ > ab+ be + ca.

C'tmchy F o .
& + a? 2v c2a? = 2ac Dau“="xayrakhia=b=c > 0. ]

49 Bdi 45. Chiing minh véi moi a, b, ¢ > 0 thi ta luén ¢é ab + be 4+ ca > Vabe (\/E +vbh+ \/E)

® Loi gidi.
Cauchy
ab+be > 2Vab-be=2byac  Suyra 2(ab+ be+ ca) > 2(avbe + by/ac + ¢V ab)
P Cauch B A/ N
Taco dbetca > 2Vbe-ca=2evab hay‘ab—l-bcﬂ-ca_ abe(Va + Vb + /).
Cauchy Diau“=" xdyrakhia=b=¢> 0. ]
ca+ab > 2\/0@-&522{1\/%.
a? 2 b _a b c
<> Bai 46. Chitng minh ring vdi moi a, b, cE]RvakhaCOthl——I—bz—i——z_g—l———i——
a
® Loi gidi.
a®>  ¢? Cauchy a® 2 a a
@, —-—=2H>2--
+b2 - b bl — b
2 2 Caue 2 2 . .
Tacé<i+ic W O HEPE
b? - b a? al = a
bz 2 Cauch b2 b b
—2+a’— Y A 1 =T
L a a’ ¢ ¢ ¢
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CHUONG 4. BAT DANG THUC. BAT PHUONG TRINH 1. BAT PANG THUC

Suy ra
2(a2+62+b2)>2(a+b+€)h a2+2+bg>a+b+f‘
2 w2/ T \b ¢ EW?b2 27h ¢ a
. , b
Dau “=" xay rakhigz—zfzﬂ ]
c o«

‘ <> Bai 47. Ching minh rdng véi moi a, b € R thi ta luon ¢6 4a* + 9b* + 5 > 4(a + 3b).

@ Loi gidi.
Ta co

Cauchy

40>+ 90" +5 = (4a® + 1)+ (96> +4) > 2v4a? -1+ 2V92 - 4 = 4|a| + 12|b] > da + 12b = 4(a + 3b).

L ) 4 2
Dau “=" xayrakhia=—-vab= —-. ]
2 3
$> Bai 48. Ching minh rang véi moi a, b, ¢ > 0 thi ta c6 a® + * + ¢ > @b + b*c + cta.
o Loi gidi.
Cauchy
A+ad+0 > 3Vad-ad b = 3d%
Taco { 3 4 B 4 o3 Caghy Y 8 = e = 3(aP+bP+3) > 3(a2b+bPe+c2a) hay aP+bP 4+ >
. p . Cauchy
E++ad® > 3VA-3 a3 =3¢k
a’b + b’c + a.
Dau “=" xayrakhia=b=¢ > 0. O
$> B&i 49. Chiing minh ring véi moi a, b, ¢ > 0 thi ta c6 a + b% + ¢ > avbe + by/ca + ¢V ab.
@ Loi gidi.
Cauchy
a2+ +E > 4AVaz a2 - = 4aVbe
P, Cauchy
Taco S+ 12+ 2 +a®> > AVE2-02-2- a2 = dbv/ac
Cauchy
A+ tal+b? > AV 2.a?- b2 = deVab.
Suy ra
4(a® + b + ) > 4(aVbe + by/ac + eVab) hay a® + b + ¢ > aVbe + by/ac + ¢V ab.
Dau “=" xay rakhia=b=c > 0. O
.. . at bl
<> Bai 50. Chitng minh rang véi moi a, b, ¢ > 0 thi 3 +—+ — > ab+ bc+ ca.
¢ a
@ Loi gidi.
(3 Cauchy
% +ab > 2d°
3 Cauch 3 63 ,3
Ta c6 { b_+bc Sl & %+—+ c > 2(a* +b* + ¢*) — (ab + be + ca).
c = ¢ a
3 Cauchy
c +ca > 268
\ a
. . ) 3 bii 63
Mat khac, theo két qua bai 40, ta c6 a® + b* + ¢® > ab+ bc + ca, cho nén 2oty > ab+ be+ ca.
Dau“="xay rakhia=b=c > (. O
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CHUONG 4. BAT DANG THUC. BAT PHUONG TRINH 1. BAT PANG THUC

o . . . b b ;
¢ Bai 51. Chitng minh rang véi moi a, b, ¢ > 0 thi ta co @ + - + % > /3(a® + 0 + 2).
¢ a

® Loi gidi.
Diéu can chitng minh twong duong véi

(ab bc  ca
—+=4

& (¢4 (

. (a_b)2+ (@)2Ca§chy 2\/(@)2(% 2:%2
C a C a

et () () oy (B) () e

G+ () (5

Cong vé theo vé ta duge

0\>  [(be\? | fean?
a) +( (1) +((’_) +2(a* + b* + c*) > 3(a* + b* + 2).

+

Do dé ) )
b b 2
(%) + (f) + (%) +2(a® 4+ b* 4+ ) > 3(a® + b* + ).
Diu“=" x4y rakhia=0b=c > 0. 0

¢ Baii 52. Chiing minh réing v6i moi a, b, ¢ > 0 thi a*(1 + %) + b*(1 + ¢*) + (1 + a*) > 6abe.

® Loi gidi.
1-%b26h§ﬁy26 2 2 2
= a*(1+b°) = 2a°b
Taco ¢ 1 4 (2 Caghy 9¢ = { V(1 + ) > 2b%c
Cauchy A1+ a®) > 2c%.
1+a®> > 2a

T do
Cauch
a®(14+b6%) + b2 (1 + ) + A1 + a?) > 2a%b + 2b%c + 2% > ’ 33/2a2b - 2%c - 2¢%a = Gabe.

Diau“=" xdyrakhia=b=c=1. O

$$ Bdi 53. Ching minh ring véi a, b, ¢ > 0 thi ta luon ¢6 (1 +a)(1 +b)(1+¢) > (1 + v abc)g.

® Loi gidi.
1 N 1 N ICeY . 1
l+a 14b 14+¢ — V(A +a)(1+b)(1+c)

Ta co

a . b . c Ca;chy 5. 3 abe
l4a 1+b 14c¢ — 1+a)14+b)(1+c)
Cong vé theo vé. ta dude

- 1+ Vabe
YA+ a)(1+b)(1+0)
Dau “=" xayrakhia=0b=c> 0. O
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CHUONG 4. BAT DANG THUC. BAT PHUONG TRINH 1. BAT PANG THUC

$> Bai 54. Ching minh ring vdi moi a, b, ¢ > 0 ta c6 (a + b)(b+ ¢)(c + a) > 8abc.

® Loi gidi.
Cauchy

a+b > 2Vab

Cauchy

Taco S pre > 9vbe = (@+b)(b+c)(c+a) > Sabe.

Cauchy
c+a = 2vca

Dau“=" xayrakhia=b=c> 0. O

$> BQi 55. Chitng minh ring v6i moi a, b, ¢ > 0 ta luon c¢6 (a® + 2)(b? + 2)(c? + 2) > 16/ 2abe.

D Loi gidi.
Clauchy
a+2 > 2/2a

Taco {2 19 o 9y3p = (a2 +2)(B* +2)(c* +2) > 16v/2abe.

Cauchy
c+2 > 2/
Déu “=" xdy ra khi a = b=c= V2. O

<9 Bai 56. Chiing minh réng v6i moi a, b, ¢ > 0 ta ¢6 (a + b+ ¢)(a* + b* + ¢*) > abe.

D Loi gidi.
Cauchy g
o Ja+ b+ec > 3vVabe
Taco Cauchy = (CL + b + C) (a’2 + b2 & C2) > 9abc.
ad+ 6+ > 3Vaie?
Dau “=" xady rakhia=0b=c> 0. -

~ n . x o o 1 1
¢S Bai 57. Chitng minh rang véi moi a > 0, b6 > 0 ta cb (a + b+ 2) - ( + —) > 4.

a+1 b+1/
@ Loi gidi.
Clauchy

a+b+2=(a+1)+(b+1) = 2¢y/(a+1)b+1)
Ta 6 = (atb+2) (et ) 24
a co auc a — ) > 4.

B e Y ! at+1 ' b+1

a+1 b+1 = (a+1)(b+1)
DAu “=" xay ra khi a =b > 0. ]

.. . s . 1 1 1 9
¢S Bai 58. Chitng minh riang véi moi a, b, ¢ > 0 thi ta ¢6 (a-&—b-l—c)‘(a_i_b I b e I c+a) > 5

@ Loi gidi.
Cauch
Natbte)=(a+b)+(b+c)+(cta) = 3/ (a+b)b+o)(cta)
Ta co 1 1 1 Cauchy 1
+ + z 3 -
a+b b+c c+a V(a+b)(b+c)(c+a)
T do
1 1 1 1 1 1 9
: o ( )22
(a+b+c)(a+b+b+c+c+a)_9 ay (a +b+c) a+b+b+c+c—|—a Z 5
Dau “=" xayrakhia=>b=c> 0. O
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CHUONG 4. BAT DANG THUC. BAT PHUONG TRINH 1. BAT PANG THUC

.. b 3
$>B&i 59. Choa >0, b > 0, ¢ > 0. Chitng minh —— + +-° >2  (BDT Nesbitt)
b+c c+a a+b— 2
® Loi gidi.
Ta c6
b b :
2+ = NI i 113
b+c c¢c4+a a+b b+ec c+a a+b
a+b+c a+b+c a+db+c
= + — -3
b+ c c+a a+b
1 1 1 Bai54 9 3
=(a+b ( )—3 > ——-3=-.
(a+b+c) a+b+b+c+c+a T2 2
Dau “=" xayrakhia=b=¢> 0. O

E®) KiThuat Cauchy nguoc déu

Mot s6 truong hop néu danh gia trye tiép bang Cauchy ngude dau thi sé dua vé dang A < P > B:
Khoéng néi lén duge dicu gi. Khi dé ta bién déi vi ap dung bat dang thic Cauchy nguge dan sé
>?1. Néu ap dung Cauchy dudi mau s6 dude

tranh duge diéu nay. Chan han can chiing minh:

1 + b2
ﬁ < % sé khong dat yeu cau. Khi d6 can theém trude né la dau “— 7. Tic la bién doi
a a(l+ b?) — ab? ab? ab? ab
1402 1+ b2 1+ 62 2b 2

sé¢ dude mong mudn.
Thong thudng, sau khi sit dung ki thuat nguge dau sé dua bai toan vé bat ding thitc hoan vi vé bat
ding thite déi xitng va gidn lugt di miu sb, gitp ta dé& dang xit 15 hon so véi dé nguyeén thiy.

$>Bai 60. Cho z, y, z la cac s6 thuc duong théa man diéu kién z 4+ y 4 z = 3. Tim gia tri nho

z z a R P &I Yy 2
nhat ctia bieu thiic P = + +
1+9y2  1+22 1+ 22

® Loi gidi.
o (1 12 a2 P P P
Ta ¢6 — :L( +y) 2y =g Y zx—izsﬁ—ﬂ(l).
1+ y? 1+ y? 1+ y? 2,/1-y% 2
2
) =1
Dau “=" xay ra < Y S =
y>0
Y Yz z Zx
Tuong tu >y— = (2 — — (3).
Cong vé theo vé cua (1), (2) va (3), ta ¢6
T 1y Ty +yz + zx
>3+ B AR AR
1+y2+1+z2+1+x2_"€+y+z 2
Mat khac
+yz+ 3
(x+y+2)° 23wy +yz+2m) Say+yzr+m <o~ LT y; Z$2—§
Suy ra
3 3
P>3—-=-.
- 2 2
Két luan. .
Gia tri nhd nhat cia P bing — khiz =y =2 = 1. O
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CHUONG 4. BAT DANG THUC. BAT PHUONG TRINH 1. BAT PANG THUC

$>Bai 61. Cho z, y, z la cic s6 thuc duong thdéa man diéu kien x + y + z = 3. Tim gia tri nho
2 2 2
/ Y z

nhat ctia bidu thiic P = : )
% + 242 * Y-+ 222 + z + 22

o Loi gidi.
2 ol 22 _2,,2 2,,2 2,,2
Tacs % - H@XW) "oy Jay o, 2y 2umwq
x + 2y? x + 2y? T + 2y? 3/ y? 2 3
T =1y
Dau“="xdy ra < ¢ x>0 .
y >0
2 z 2
Tuong tu >y—=3 2 (2 > 22— on 2 (3).
gt Lo 2y = S (2 g 2 VG O

Cong vé theo vé cia (1), (2) va (3), ta ¢
2 2 2

z y z 2(3 ; 5
> _ =z )2 uz)2 2)
:r+2y2+’y+222+z+2332_x+y+z 3 (z) —l—\/(yz) +\/(Z$))

Ap dung bat dang thitc Cauchy, ta c6

x+y+9:y23W
y+z+yz23W
2+I+2I23m.
Cong vé theo vé, ta c6
2 +y+2) +xy+yz+zz > 3.
Mat khac, v6i x +y + 2 = 3, ta cd

(x+y+2)° >3y +yz+2x) © 2y +yz + 22 < 3 ({/(:vy)2 + \"/(y?«')2+ \3/(2'93)2) :

Suy ra
Y (ay)? + Y (y2)2 + Y (2a)? < 3
Khi doé
P>3--.3=
Két luan.

L \ z=vy y=2%2=2
Gia tri nho nhat ctia P bang 1 khi < o =NFHA L. ]
z>0y>0,2>0

$>Bai 62. Cho z, y, z 1a cac s6 thuc duong théa man didu kien z + y + 2z = 3. Tim gia tri nho
2 2 2
55 Y z

héit ctia bidu thite P = 3
nhat cua bieu thuc I+2y3+y+223+z—|—2I3

o Loi gidi.
2 o - 23_2,,3 2(,3 2 3 2
Ta co :c ':x(£+ y)' atd =x — J:y,EI*#:f**\/gl‘gy(l)-
T+ 23 x + 23 x + 23 3Yx -3 3 3
z =1
Din“=" xdyra< (x>0 .

y >0
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CHUONG 4. BAT DANG THUC. BAT PHUONG TRINH 1. BAT PANG THUC

2

y* 32
Tuong ty — = , — = .
1(ng1J+25_J \/ 2z +2$;_ T()
Cong vé theo vé cia (1), (2) va (3), ta o
22 2 42 2., ._ ,
2 (2 3/02, 1 Y2
;c—|—2y3+y+2z3+~+2 3_w+y+ 3( Ty + A Yz + za:).

Ap dung bat ding thitc Cauchy, ta c6

9:y+:ry+y23\3/3:2?:33/3:_2y

yz +yz + 2z > 33/y22% = 3¢/y22

zm+zw+r23W=3Wm.
Cong vé theo vé, ta c¢6

Z(Iy+yz+zm)+m+y+223(Wy+ WT+\7§3:)
Mat khac, véi o +y + z = 3, ta co
(x+y+2)2 >3y +yz+z20) & oy +yz+ za < 3.

Suy ra
Va2y + y2z + V2x < 3.
Khi dé 4
P YA 40
G 3

Két luan.

S . (r=gty=23z2=2°
Gia tri nho nhat cia P bang 1 khi oReyy=2=1. ]
z>0,y>0,2>0

> Bai 63. Cho z, y, z la cac s6 thuc khong am thoa man diéu kién 2 +y + 2 = 3. Tim gia tri nho
z+1 y+1 z+1

nhat ctia bieu thiic P = 1 + cri T E T
® Loi gidi.

Ta c6
s+ 1 r+ D2 +1) — (z+ 1)y? 1)y? . 1)y? 1
e+l @D+ -ty @by @t ey
y?+1 ¥ +1 ol 2¢/1- 42 2
Dau“=" xayra < y = 1.

1 1 1
Tucjngmer y+1——(J+l) @), 25 > . SR

+17 2+1 2
Cong vé theo vé ciia (1), (2) va (3), ta c6
r+1 =k e 4l

yv+1 2+1 r2+17

1
=>xdy+ 2 +3—§(z:y+yz—|—z:¢:+a:+y+z).

Rit gon vé phéi, ta ¢6
r+1 PANY/, SiV 1
y+1 22+1 ,L2+1_2
Mat khac, v6i x +y + 2 = 3, ta ¢o
(z+y+2)?2>3xy+yz+z2z) ey +yz+2z<3.

1
(@+y+2)+3 -5y +yz+2w).

Khi dé 1 1
P>--3+3---3=3.
2 + 2
Két luan.
Gia tri nhd nhat cia P bang 3khiz =y =2 = 1. O
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CHUONG 4. BAT DANG THUC. BAT PHUONG TRINH 1. BAT PANG THUC

B Ky thuét str dung trong sé dé fim diém roi

$>Baib4. Cho ba s6 thue duong a, b, ¢ thoa man  ditu  kién
a + b + ¢ = 6. Tim gia tri 16n nhat cta  biéu  thic
P=Va+3b+ Ib+3c+ c+ 3a.

@ Loi gidi.
Phan tich: Vi vai tro cia a, b, ¢ nhu nhau nén ta du dodn gid tri lon nhat sé dat dude khi a = b =
c=2.
Do dé, ta can tim o, B> 0 sao cho o = 3 = a+ 3b = 8 dé khi dinh gid Cauchy cho ba s6 o, 3, a+ 3b
thi dau = zdy ra.
Ta co

\/8:8(a+3b)

1
‘(8+8+a+35)zﬁ(a+36+16).

va+3b =

<

[ S

1
3
Tuong ty
Vb +3c <
ve+3a <

(b + 3c+ 16)

||—t5|,_|

. (c+ 3a + 16).

()

. 1 1

Suy ra P = v/a+ 3b+ {Vb+3c+\3/c+3a§E-(4a+4b+4c+48):E-4-(6+12):6.
a+3b=38

Vay gia tri 16n nhat cia Pla6khi { b+3c=8 ©a=b=c=2. O

c+3a=28

¢S Bai 65 (HSG Son La). Cho z, y, 2 1a cac s6 thye duong thod méan ayz = 1. Chitng minh

.’L‘3 y3 23

3
P= I+9)0+2  (+20+2)  (U+a(1+1) =

@ Loi gidi.
Phan tich: Viwvai tro cia z, y, z la nhuw nhau nén div = zdy ra khiz =y =z = 1.

Ta can tim o > 0 sao cho
z3 1+y 14z
+ + > ..

(1+y)(1+2) o o
x3 - 14y B 1+ 2
Déu = ¢ bat dang thitc trén zdy ra khi { (1+y)(1+2) « a = a=_8,

Do do, ta co6 1oi giai nhu sau

Ta co
x® 1+y~ Y ¥z afz® 3
=ar == = -u.
l+yi+s 8 8 “Ne~ 7"

% +1+3:+1+z>3
I+a)1+2) 8 s — 17
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CHUONG 4. BAT DANG THUC. BAT PHUONG TRINH 1. BAT PANG THUC

2 l+z 14y _ 3
+ + > —z.
(14+2)(1+y) 8 8 4
Suy ra
3 Y3 / 53 +1+:L‘+l+y+l—|-z>3( ty+2)
—\T Z
I+y1+2) (A+2)1+2) (A+z)1+y) A4 1 g =gy
r+y+z 3_3 N
P> — > _Yryz— - = -.
- 2 1= VR Ty
3
Diu=xdyrakhiz=y=2=1. O

o Bai 66. Cho z, y, z > 0. Ching minh ring % + 3—2 + 32 3+ 3+ 2B

® Loi gidi.
Phin tich: Vi vai tro cia x, y, z nhu nhau nén diu = ¢ bat ding thic trén zdy ra khi © =y = 2.
Vii m, n € N* ta co

5

-
T pom . i

m-=+n-y°>(m+n)"7 Syt = (m+n) - "R M. ynm
y2 .me

Can chon m, n sao cho ™ /adm . y3n—2m — 43 nohia la m = 3, n = 2.
Tit do ta co bai giai nhu sau.
Ta co

5 5 5 5 5 5 5
3-?+2-y‘5=?+;+y—2+y"+y‘525&/y—2-y—-y—-y5-y5=5x‘5.

Twong ti ta co

3-%+2-z3>5y3
z
3-%+2-$3>5z3
x
Suy ra
3(L L 2 +2 (2 +y* +2%) > 5 (2% +4° + 2°)
y2 ZZ 22 - Y v F Yy
5 5 5
P Y 3,.,3..3
= —+§+—22:€ +y +z

]

49 Bai 67. Cho cac s6 thuc khong am thod méan z + y + z = 31. Tim gia tri nho nhat ciia bicu
thitc P = 222 + 3y* + 522,

® Loi gidi.
Phan tich: Vi trong biéu thic cia P, z, y, 2 khong cé tinh chat déi ziing nén ta gid si gid tri nho
nhat cia P dat duge khi x =a, y="0bva z =c vdia, b, ¢ > 0 thod min a +b+c = 31.
Khi do ta co
22 + 312 +52% = 2(2* +a®) +3(y° +b*) +5(2* +¢*) — 2a* — 3b* — 5¢* > dax+6by+ 10cz —2a* — 3b* — 52
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CHUONG 4. BAT DANG THUC. BAT PHUONG TRINH 1. BAT PANG THUC

=15

\ da=6b=10c |
Lic nay, ta can tim a, b, ¢ sao cho < <cb=10
a+b+c=31
C

Tt do, ta ¢6 bai giai nhur sau
P =21 4+ 3y® + 52°

= 2(2? +15%) + 3(y* + 10?) + 5(2% + 62) — 930
> 60z + 60y + 602 — 930 = 930.

Vay gia tri nhé nhat cia P 1a 930 khi = 15, y = 10, 2 = 6. O]

$>Bai 68. Cho a, b, ¢ la do dai ba canh ctia mot tam gidac. Tim gia tri nho nhat cta biéu thic

p_ / 2a + 2b " / 2¢c
S Voh+2c—a 2a+2c—b 2a4+2b— ¢’

o Loi gidi.

/ 2a _ 6a? = V6a _ a6
2b+2c—a \3a(2a+2b—c) ~ 3a+ (2b+2c—a) a+b+tc

2

[ 2 K b6
2a+2c—b  a+b+c
\/T> V6
20+2b—c " a+b+c

Ta co

Thwong tir ta ciing ¢6

2a 2b 2¢ V6(a+b+c)
Suy ra P = \/ + \/ % > = /6.
w 2b+2c—a 2a+2c—b 20+2b—¢c— a+b+c Ve
Vay gié tri nhé nhat cia P 14 v/6 khi a = b = ¢, nghia la tam giac da cho la tam giac déu. ]

~ = o = ]— ]- 1 . .. . 5 £ 5 « 2 -
$S Bai 69. Cho z, y, z > 0 thod man - + y + o= 4. Tim gia tri nhoé nhat cia bieu thiie

1 1 1

P= + + :
2r+y+z2z 2y+z+z 2z+z+4y

® Loi gidi.

Trudc tién ta can ching minh véi moi a, b > 0 thi

L 11,
a+b " 4\a b/
1 1 2 2 4
That vay, 0 — + — > = .
atvay’taCO(Ler \/@_aer a+b
2

>
g 1 >l(l+l)
uy ra - -4+-=
Y at+b " 4\a b

Ap dung bat ding thiic trén cho timg phan thic 2 lan ta duge

1 B 1 S 1 ( 1 n 1 ) S . 1 n 1
2rt+y+tz 2w+(ytz) 4\2z y+z/) " 8 16y 16z
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CHUONG 4. BAT DANG THUC. BAT PHUONG TRINH 1. BAT PANG THUC

Tuong tu
| 1 1 1

. N
2y+$+z*8y+16x+16z
1 >l 1 1

224+z4+y — 8z+m+ 16y

Suy ra
_ 1 NN >3(1+1+1)_34_3
2 ty+tz ydar+z 2z4xt+y 16\ oy 2/ 16 4
. 3 4
Vay gia tri nho nhat cﬁaPlé‘iikhi:ﬁ:y:zzg. Ol

$>Bai 70. Chiing minh céc béat ding thitc sau va cho biét dau déng thic xau ra khi nao?

\/ﬁ 1 3 3 1 3 s
Ty Yz Zr

a b c 1 1 | . .
b) a2+52+b2+c2+a2+c2 Sﬁ—&-%—&—%v01a,b,clacacsothucducmg.
® Loi gidi.
2) Taco YITZHY S VSVTW V3
xy 7 xy VT
\/1+y3—|-z3> V3 m> V3

Tuong tir ta co

Yz VY ; 2T N

2

1+ a3+ 2 1+y3+28 V1428422 1 1 1
Y v Vi + > V3 +—=+ > V3.3
Ty Yz X N TN TR £
1
3/$2_y222 - 3\/5
Dau “="xay ra khivachikhiz =y =2 = 1.
a*+b* b? a 1
b) Ta c6 = —2>2%= 0 < —.
) Tac a a+a_ a?+b — 2
Tuong ty ta c6 = = < o — S < 1
uong t ta ¢ — < —.
5 b>+c¢2 = 2¢ a®>+c% 7 2a
‘o 5 véi v8. tahes —2 £ b A c_ < 1 n 1 ™ 1
ong vé véi vé, ta ¢ — + — 4+ —.
e ’ a?+b b+ a?+c " 20 20 2
DAu “= " x4y ra khi va chi khi a = b = c.
L]

49 Badi 71. Chiing minh cdc bat dang thic sau va cho biét dau dang thite xay ra khi nao?
a) Cho a,b,c¢ > 0. Chitng minh abc > (b+c—a)(c+a—b)(a+b—c).

b) Cho Va > 0,b > 0,¢ > 0,d > 0 va ! o ! = ! > 2. Chitng minh abe <
I+a 1+b 1+c

1+\/1—i—3:2+1—|-\/1+112+1+\/1+z2
Z

& Y

co| =

<zyz, véiVr > 0,y >0,z > 0vaz+y+z = xyz.

c)
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CHUONG 4. BAT DANG THUC. BAT PHUONG TRINH

1. BAT PANG THUC

a)

@ Loi gidi.

Dat 2z =c+b—a; 2y=a+c—b; 2z=a+b—c
=>a=y+z b=x+z c=x+y.
Bat ding thitc < 8xzy < (x +y)(y + 2)(z + 2).

T+y = 2/xy
Ap dung bt ding thitc Cauchy, ta ¢6 { y + 2z > 2,/yz

z2+x > 20/
Nhan vé vdi vé, ta ¢ diéu phai chitng minh.
Dau“="xayrakhivachikhiz =y=z<a=>b=rc
Ta co
MRSV WE-SN SRS,
l+a 1406 1+c— 1+a ™ 1+5b 1+¢

/4 1 S b . c
l+a ~b+1 c+1

1 be

S —>%/—F—.
l1+a~ VYV (B+1)(c+1)

1 >2\/ ac 5 1 \J ab

Vi e ————
1+b6— (a+1)(e+1) 14+¢ ™~ (a+1)(b+1)
Nhan vé véi vé, ta c¢6

Tuong tir ta co

1 S 8abc
(a+1)(b+1)(c+1) ~ (a+1)(b+1)(c+1)

1
& abe < 3 dpem.

. 1
Dau “=" xay ra khi vachi khia =b=¢c= 3

N 1 1 1
Theode baitacoz+y+z=a2yz & —+ —+ — =1.

ol Sy e
I1+vV1i+22 1 /1
TacéQ: +\ 5 +1
x x

T
11111
o 2 xy  yz zx

1 1 1 1 1\ -
= =4 (=+=2) = +=

T . T\z =z

T oI )2

S/
S NP/ T
— 2

Ching minh tuong tu, ta co

1 1 1) 3oy +yz+zx)  3(zy+yz + zx) < (x+y+2)?

VT <3 (— -+ -
R VR
ryz.(dpcem)

Dau “= ” xay ra khi va chi khi z = y = 2 = /3.

TYz r+y+z T o rxtytz

=r+y+z=

‘ $>Bai 72. Chiing minh cac bat ding thitc sau va cho biét dau dang thic xay ra khi nao?

* Trang 12 ¢
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CHUONG 4. BAT DANG THUC. BAT PHUONG TRINH 1. BAT PANG THUC

z2 N 1> 22 >37+y+z'

a) Cho x,y,z > 0. Chiing minh + >
r+y y+z z4zx 2

z,y,z >0 A Vo 3
b) Cho v . Chiing minh S )
xyz =1 y2 22 a?

¢) Cho a,b,c¢ > 0 théa man a + b+ ¢ = 3. Chitng minh v/a + 3b + /b + 3¢ + /¢ + 3a < 6.

d) Cho a,b,c > 0 théa man a + b+ ¢ = 1. Ching minh V/ab + Vbe + /ca < /3.

e) Cho z,y > 4. Ching minh zv/y — 4+ y/r — 4 < ity

2
f) Cho z,y,z > 1. Chiing minh 2zy/z — 1 + 2yzvx — 1 + 2z2/y — 1 < 3zyz.

® Loi gidi.

x? T+y y? y+z 22 T+ 2z

> AT >y >z
;E+y+ 4 _T’y+z+ 4 _y’l‘—i—z—i_ 4 =

a) Ta co

P p xr y? A2 r+y+z
Cong veé vii ve, ta duge + Y + > J .
T+ Y TN A 2 2
Déau diang thite x4y ra khi va chi khi z =y = 2.

e
b) Ap dung BDT Cauchy, ta ¢ JS_ + U_ + S (ryz)
y? x? (zyz)?

Dau ding thitc x4y ra khi va chi khl T=Y=2z.
2\/a = 30 o 3b +4
b + 3c+ 4

3
= 3

¢) Ta co va+ 3b=
Tuong tu ta c6 Vb + 3¢ < Ve +3a <

Cong vé véi vé ta ¢6 diéu phai chimg minh.
Déau dang thiic xay ra khi vachi khia=b=c= 1.

d)Tav()\/_+\/_+\/5<\/_<:>\/_—+\/_—+ﬁ

c+3a+4
—

V3 V3 -
1 1 1
v 1 a—i—b—l—§ v 1 b—i—(’—f—— \f c+a+§
Ma vab—= £ ——— c < co— < ——=
V3 3 {Vg 3 /3 3
. . 2 b+¢)+1
Cong vé véi vé ta co VT < 07 b +o) + =1 (dpcm).
. 2 1
Dau dang thitc xay ra khi va chi khia,=b=c=§.
Vy—4-2 y—4)+4 =z
E) Ta('(,)r\/'y*4:“xyf T”’_—?.
Tuong tu ta co y 4<%

Cong vé véi vé, ta cod oy — 4+ yvo —4 < fg (dpem).

Déau dang thitc xay ra khi va chi khi z =y = 8.

f) Tacod 2zyv/z — 1+2yzv/x — 1+ 220y — 1 < zy(z—1+1)+yz(z—1+1)+zz(y—1+1)
< 3xyz (dpem).
Dau déng thiic xay ra khi va chi khi z =y = 2 = 2.

0J
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